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1. THEORY OF DISTRIBUTION

In order to apply the notion of derivatives to get general solution for a PDE, we introduce
the notion of distributions.Firstly, we study an example of transport equation to understand
the importance of doing this.

Example 1.1. Given transport equation as
Ou+vV,u=0
u(0,z) = up(x)
This can also be wrote as (1,v)Vi,u = 0, which means u(t,z) = up(x — tv) is a solution.

However, this induction process requires u € C* < ug € Ct, and is unique given uy € C*.
But what can we do if we have u € C'?

1.1. Distributions. We can introduce smooth functions to manipulate the equation in other
to get a broader sense of function and taking derivatives.

0= /Qb [0y + vV u] dedt = — / u [0y + vV, @] dadt,
which still makes sense for u € C. And the equal sign holds iff u satisfies the equation.

Def 1.2. Test Functions D = {¢ : R" = R, u € C®with compact support}.
Therefore, we begin to give definition of distributions.

Def 1.3. A distribution f is a continous, linear map f: D — R.
And we define continuous by defining convergence in D, which means
® ¢, — ¢ uniformly.
e 0¢, — 0¢ uniformly.
e There exist K compact, s.t Suppp,, Suppp C K.
Distribution is unique when viewed as a continuous functions for we can always use smooth
function which supported near the x thet u(x) # v(x).

Remark: Not all distributions are continuous, as we can see the Heaviside function (or
any step function that jumps).

1.2. Derivatives of ditributions. Now, with the theory of distributions we can take deriva-
tives of continuous functions by viewing them as distributions. Generally, given u € C*, we
have u/(¢) = [v/'¢pdz = — [ ud'dx.

Def 1.4. Now we give the definition for derivatives of distributions: u'(¢p) = —u(¢’).

This makes sense for u € D.
Now we emphasize on the importace of Dirac Mass.

Example 1.5. Given Heaviside function

1 >0
H(@:{o r <0

Obviously H € D' and we are about to show that
“+oo

H'(¢) = —H(¢) = — ¢'(x)dr = ¢(0) = do(¢).

0
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This implies H' = 0y. Also, We have 6((¢) = —do(¢') = —¢'(0). This means H is infinitely

differentiable in a distribution sense.
1.3. Multiply distribution by smooth function. We take f € D', a € C*°, what does

f * a means?
e If f is a function, a * f = multiplication, and

af() = / a(2) f(@)d(x)dx = / f(2)(0d)(x)da

(af)(¢) = flad).
e If we have P(x,0) = >  c¢o(2)0%, Cu(z) € C*, u € D', s0

|a|l<m

which means

Pz, 0)u=f
is meaningful.

Def 1.6. Given u,v, a convolution is
“+o0o
wev) = [ uly)ole - y)dy
And the definition makes sence if u,v € D, so u * v(z) € D and it can be justified by
property after.

Property 1.7. For convolution:
& UXV=UXu.
o Jj(u*xv)=ux0d;v=0uxuv.
o (uxv)*xw=mux*(v*kw).
This means after convolution, it is still compact(compact + compact) and infinitely differ-
entiable.

Extend the concept:
(1) Consideridng convolution on D D' : ux v(x) = fj;o u(y)v(x —y)dy = v(u(x — e)).
Define the support of a distribution: v € D', xy ¢ suppvif v(¢) = 0 whenever
¢ is supported in a small neighbourhood of z,. For example, suppdy = {0}.
(2) For a random distribution, we don’t know what the convolution will behave in oco.
Considering the compactly supported distribution £, we have D x &' — D.

(3) & +& — &
(e )@) = [ [utwets - pdyoorts

// oy + z)dydz

(u*v)(¢) = uy(v(o(y + @))).
So it extends to distribution.

Algebra:
(D, +, ) is an algebra, may extends to £, which means it now has an identity u = 1.

(D, +, *) is an algebra, may extends to & (D is dense in £ when viewed as distribu-

tions), has an identity f = do: (0g * V) () = do(¢(x — @)) = Y(x).
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1.4. Foundamental Theorem in Calculus in a distributional sense. Here we want to
know what distributions of derivatives 0 looks like.

Given «' = f, f € D'. Therefore, we have u(¢') = —u/(¢) = — f(¢). Therefore, if ¢ is the
derivative of a test function ¢ then v = 0 means u'(¢) = —0(¢)) = 0, which means v’ = 0 in
a distributional sense.

Question: when can we get a test function ¢ by take derivative of a smooth W7 In oder
the integral of ¢ to be a compactly supported smooth function, this

+00

& ¢(x)dx = 0.

—00

Let ¢o € D with [ ¢ = 1, then we can write

b1 = ¢ — cdo,c = /¢(:c>d:c

Threfore,
u(¢p) = u(¢p1) + cu(go).

And we attribute a value for u(¢y).

Proposition 1.8. A distribution u satisfies v’ = 0, then u = constant.

i

for u = uy — ug, v’ = 0, therefore u(¢) = 0 for any ¢ satisfy fj;o ¢(z)dz = 0. For arbitrary
b, u(®) = u(go) | ¢pdxr = u(do)1(¢), which means u = u(gy). O

1.5. Using Foundamental Solution to Conpute Distributions.

Proof If we have

l\')\ ,_.\

Theorem 1.9 (What are really distributions?). For any f € D' and any compact K we
have a representation

f_Za“ua ),z € K,u, € C.

|al<m

We would notify f € C~™.

Given v’ = f [~ Zf(l'j)l[xj,m]-m 25 (@) (g —25) =7 [ f(y)d,(x)dy. Then we
can write u(z) = [ f(y —y)dy.
Def 1.10. Since H' = 50, H is the foundamental solution for 0 in R. If we have Ou = f,

we get
- [ 1w~

However, the solutions and foundamental solutions cannot be unique due to constants.

Generally, given P(0) = > ¢,0%, ¢, constants, we define foundamental solution as
lo|<m

Def 1.11. K € D' is a foundamental solution if
P(O)K = dy.
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Proposition 1.12. If K is a foundamental solution for P(a), then a solution to P(a)u = f
1s given by u = K x f.

Proof P(O) (K *f)=> co0*(Kxf)=PO)Kxf=0dxf=1F. O
Q1) Do foundamental solutions exist?
1) For counstant coefficient PDEs they do exist.
2)But there are variable coefficient PDEs which are not solvable.
Q2) Are foundamental solutions unique?
Consider P(0)u = 0, we look for u = e=%%. So, P(0)u = P(£)u, it leaves to solve
P(§) = 0. We need ¢ € C then it must have roots, and we have bounded solutions
for homogeneous problem.
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2. SOLVING LAPLACE EQUATION

2.1. The Laplace Equation. Given by

—Au = f.
Example 2.1 (A small insight). Considering in 1-dimension,
—Au = —0%u = &,
then we get u(x) = {(ix i;OO (forward foundamental solution, supported in [0, +00)),

which is not unique for we can add ax + b. Backward foundamental solution K~ (x) =

r ozl . ,
{ . In general, we get symmetric foundamental solution K*"(z) = (K (z)+

Theorem 2.2. —0?u = f has the solutions u = f x K +ax +b. If f € &, suppf x KT C
compact set +[0,4+00), so u = 0 means —oo, suppf * KT C compact set +(—00,0], sou =0
means +0oo.

Change of coordinates [From now on, we will use Einstein Convention to omit
summation]: If y = Az given by y; = A, yxy, therefore we have

0 Oy, 0 0
A A
Ox;  Ox; Oyy 7 Oy
which means
00 a2l
Ox; Ox; 2Oy Oy
in which A; Ay j = Aip A}, if Ais orthogonal (and this is true for change of coordinates which

is rotation). This suggests A is invariable under rotation, and we are about find foundamental
solution under rotations. We are going to use spherical coordinates: K = K(r), r = |z|.

—AK(r) =—0;0;K(r)

—1
— _K"(r) -~

K'(r).
To solve —AK = ¢y means —AK = 0 when away from x = 0, which means

o Cr*™™+D n>3
")l Clnr+D n<2

Proposition 2.3 (Green’s theorem). Given an area D,

(1) /A'zwdx: —/ @u@vdw—l—/ v;j0juvdA
D D oD
(2) :/uajajvdx—i-/ vj(0;uv — dvu)dA
D aD

(3) :/uAvdx—i-/ @v—@udfl.
D 9

p Ov ov
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This implies A has some kind of ”symmetric” operator, and % is called normal derivative.
Now we find C' s.t —AK = §y.Compute AK(r) in D"

AK(¢) = K(Ag)
:/ ApKdx

:/ A¢de—|—/ ApKdx
n_B. Be

K
- / SAK (= 0)dz + / 9 raaqn - / OK in+ / A¢Kdz[I11]
n_B, O(R"—B,) ov O(R™—B,) ov
As e = 0, [I] < Ce" 1™ o(e) or Celn(e), [I11] is bounded on a volume of Ce™, therefore

goes to 0. For [II], 2% = —K'(r) = _&2 —n)rt Zi g o(x) = ¢(0) + o(€) so

17 = (6(0) + 0(e))[(2 — n)e"]C,e™ — (2 = n)$(0).

2 — L >3
K(z) = { T2t ;7)1(|x|) n=2
Co o o

This means

Example 2.4. To tackle the problem of uniqueness of K, we consider harmonic function
to address A(Ky — K1) = 0. Recall that 2" are always harmonic so Rez and Imz are always
harmonic. Examples in 2-dimension: x,y, x> — y?, xy, v3 — 3xy? and so on.

2.2. Mean Value Property Given a ball B,(xp), S = 0B,(zg), we define mean value
symbol as f,u = o DI Ju, and u(zo) = f u(x)de = fg u(x)dA holds for harmonic functions
(it holds for boundary and take unions to hold for balls)
Considering Green’s Theorem:
ov ou

/uAvd:v:/vAudx+/ —u — —uvdA
D D oD al/ 81/

If we put Av = §,,, letting v =0 on 8B to get v = —K(x — x¢) + K(r). Therefore, since v
is radical, 6” is constant and equals to 55 by taking u = 1:

For general —Au = f we get

u(xg) = —/vadx + ]gB(wo , u(z)dA.

Suppose f > 0, then u(zg) dex ” x)dA; if f <0, then u(x) u(z)dA.

f@B(xo T)
Def 2.5.
—Au=f>0 u is superharmonic
—Au=f<0 u issubharmonic

Theorem 2.6. Given u € C? has mean value property, then u is harmonic.

Proof Suppose —Au(xg) > 0 then it still holds in a small B(xg,r), so u(xg) >

faB(a}O r) u(z)dA and contradicts. -
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2.3. String maximum principal.

Theorem 2.7 (Weak_maximum principal). Given —Au = 0 in D connected. Suppose
u € C*(D) and u € C(D), then

max u(r) = max u.
xeD reOD

Further more , (Strong mazimum principal) if maz is attained inside, then u = constant
(This requires connected)

Proof If the max can be attained at some point zg € D, then take B(zg,7) C D, then

max u = u(xg) = ][ u(z)dr < ][ u(zo)dr = u(xo).

B(zo,r) B(zo,r)
This means u(z) = u(zg) in B(xzo, ). Then by taking path (connected equals path-connected
in R™)from z( to a random z; and cover it with balls (or we can prove this by proving that
E = {x : u(x) = u(xp)} is closed and open in D). Note: this still holds for subharmonic
functions, and the Minimum Principal will hold for superharmonic functions. 0

2.4. In larger space. Condsidering —Au = f in R", and we consider the equation firstly
in a domain D.

Example 2.8 (Dirichlet boundary value problem).

—Au =f xzeD
u =g x€dD

Neumann boundary condition is % =g on dD.

Proposition 2.9. The Dirichlet problem has at most one solution.

Proof Suppose we have two solutions uy, us, S0 u; —us = 0 on boundary and A(u; —uy) =0
by maximum and minimum principals we have u; = us. U
[Perron’s method squizing]

2.5. Elliptic regularity.
Theorem 2.10. All harmonic functions are smooth (which means C'* ).

Proof We can give several proofs.

Proof 1 Elliptic regularity means K is smooth away from 0.

Claim 1 Suppose u € C? has compact support and —Au = f, u = K * f.
Since —A(u — K * f) = —Av = 0, u has compact support and © = K * f may
not have compact support but tends to 0 as x — oco. This means v tends to 0
as r — oo and by applying maximum and minimum principals we get v = 0.

Claim 2 Given harmonic function u € C?(D), we need to prove it’s smooth in D.
Choose g s.t B(zg,2r) C D, we show that u is smooth in the ball. Taking a
cut-off function x which is 1 in B(z,r) and smoothly go down to 0 utill it is 0
outside B(zo, 2r). We take v = xu,

—Av = —uAyx — 2VxVu = f.

Since Suppf C B(zo,2r)/B(xo,r), we have v(z) = [ f(y)K(x —y)dy . = €
B(zg,7) and y € B(xg,2r)/B(xo,r) we have |z — y| > ¢, and K is smooth away
from 0 so the integral is well defined. We can differentiate as many times as we
want inside the integral.
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Proof 2 Dirtributions’s View by using Weierstrass theorem: Any continuous functions on a
interval can be uniformly approximated by smooth functions + polynimial functions
+ trigonometric functions.
Given u € C' (dim = n), ux 0y = u in distribution theory. Now we approximate d,
by smooth functions. Take ¢ € D, [ =1, take 1. = 1)(£) we still have [ 1) = 1.
Claim: ¢, — 0y in D':

00) = [ Zo@oads = [vmaends > [6w)6(0) = 6(0)

This means u, = u * 9. — u* 9y = v in D', and u, € C*.
Suppose w is harmonic, u.(x) = [ u(y)ve(z — y)dy = u(x) (we can choose ¢ to be
radially symmetric) by mean value theorem [Evans P28].
[
Question: Given u in B(0,7), what can we say about «'(0)?

Ch
O1u(0) = ][ Oyu(z)de = — viu, dx
B(0,r) rr 0B(0,r)
Ch Ch
|01u(0)] < — sup |u|r""" = — sup |u].
™ 9B(0,r) T 9B(0,r)
Theorem 2.11 (Liouville). The only bounded harmonic functions are the constants.

Proof Suppose |u| < M

Ch
—M.
r

Cy
105u(y)] < — sup |u| <
T 9B(y,r)

As r — oo, RHS tends to 0 so u can only be constant. 0

Proposition 2.12.

Crk  up Ju(a)].

OFu(xg)] <
| ( )‘ h ¥ z€B(Xo,r)

Proof Given ¢,.(z) = Tinw(f), Y eD, [¢ =1, suppy, in B(0,r). If u — u, = u*y,
u is harmonic so u = u,. As we can take derivative on both sides of convolution, we have
OFu(zg) = u * 0%, (x). This means

|0"u(x0)| < / |u(zo — )| [0"¢r(y)| dy < sup |ul 0% ()| dy.
B(O) B( )

wo,T) B(O:T

since
T

00, () = 1 (00)( %),

the integral is (we can choose good @/J)
1 o k
| @l =5 [0t ewla=

Theorem 2.13 (Liouville). Suppose u is harmonic in R", and |u(x)| < C(1+|z|™), therefore
u 18 a polynomial of degree < N.

O
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Proof
1 C
sup [u| < g

1+ (Jo| +7)Y) — 0.
rN+1 B(Xo.r) ( (| 0| ) )

‘aNJrlu(xO)‘ <

The Midterm 1

2.6. Green’s Function for the Dirichlet Problem. Given €2 € R* is a bounded nice
area,

—Au = f in Q
u = g in 0N

Try to use the foundamental solution, we have

/Q —AuK (z — y)dy = /Qf(y)K(JC —y)dy

— [ ut-skte =iy [ k() - =D g)iwy),
Therefore we get
[ty =ate) = [ 1K=y~ [ TP xc(—y) - =D g0)a07)

If no boundary and u — 0 at oo, then u(z) = [ f(y)K(z — y). If we have a boundary, we
don’t know g—“ on 0f). Therefore, we need to give stronger condition of the fundamental

solution to geg G(z,y), and we still want —AG(x,y) = d,. If G(z,y) = 0 on 0F2, then

(4) u(z) = /Qf(y)G(ﬂf —y)dy + /m %g(y)d(w)-

Therefore, we need to find the Green Function for {2 which satisfies

1 —A,G(z,y) = 0,.

2 G(z,y) =0, y € 09.
We look for G(z,y) = K(x —y) + ¢(z,y) and satisfies

2 ¢(z,y) = —K(z —y), y € 0L
This means ¢ is harmonic and smooth on the boundary, it’s natural to expect ¢ is smooth.We
choose u(y) = G(z,y) in dsj to get

0G(z,
uta) = [ Glap-auay+ [ D g)awy)

Q

o0
oG
~uw) = [ Gy + [ FEI 0wy = G
Q oo OV
This means Green function is symmetric and so is ¢. And we claim that

1 A Green function exists in any C'! domain.
2 Green function can be explicitly computed in some single domains.
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Example 2.14 (Half-Plane). Given H = {x,, > 0} C R", © = (x4, -+ ,x,) we symmetry
ax* = (1, - ,—x,). Since |v—y| = |z*—y|, y € 0H, we choose ¢(z,y) = —K(z* —y).
Therefore, G(z,y) =0 ify in OH, —Ayp(z,y) — 0, =0 in H, G(z,y) = K(z,y) — K(z* —
y) = K(z — y) ~ K@ —y) (12" ~ | = |z — 9°|) i5 symmetric.

Example 2.15 (The Unit Ball). This time we choose symmetric * = -3 so that |z*||x| =

|z
1. Recall that K(z,y) = Cy |z —y[> " (n > 3), by simple computation we put G(x,y) =

K(z,y) — |z|* " K(z* — y); in 2 dimention G(z,y) = K(z,y) — K(z*,y) — K(z) to get the
fine property that G(x,y) = 0 wheny in 0B(0,1). It leaves to show that G(x,y) is symmetric.

2.7. Energy Methods.
Theorem 2.16 (Uniqueness for Dirichelet Problem). If

—Au = 0 in Q
u = 0 in 00’

Then u = 0.
Proof We have

0—/ —Au - uda:—/ (92u udx

/ Oudjudx — —uda
a0

Ov
=/|Vu| dx.
Q

Therefore, u = C' and C' must be 0. 0
Find the minimum value of f : R® — R you can either look at points where Vf = 0 or

consider the Hessian matirx (%)M

2.8. Variation Methods. Think of the minimizers of functional for the PDE.

Def 2.17. The action functional
1
J(u) = / ~|Vul® = fudz.
Q2
Now we kook at minZ(u) for u € A, where A = {u € C?*(Q),u = gondN}. Obviously, J is
convex (any liner function is convex) so it only has one critical point to reach the minimium,
and suppose a minimum point u exists, we need to show —Au = f.

Here we let u;, = u + hv, h € R, with v € C?, v = 0 on 9Q. Now we consider J (uy,) =
J(u+ hv), and &7 (u+ hv)|p—o = 0.

1 1
(5) T (up) = / 3 IVul® + hVuVo + 3 Vo> u? — fu — hfvdx
0
d
(6) %j(u + hv)|p=o = / VuVv — foder =0

(7) /w —Au - v—fvd:v+/ —vda 0)=0
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Therefore, we have —Au — f =0 (Yv), then —Au = f. And we also have

DJ(u)-v= /(—Au— flvdz

Q

DJ(u) = —Au— f.
This means finding the cirtical point of J is finding the solution.

3. SOLVING HEAT EQUATION

3.1. Foundamental Solution for the Heat Equation. The heat equation is

{(&—A)u = f
uw(0,2) = wup(z)

Def 3.1. Given f = 0 is a homogeneous heat equation, otherwise is a inhomogeneous
equation, u is defined on Rt x R™.

Try to compute a foundamental solution K (t,z) for (0; — A)K = §y. K should satisfies
some symmetries like
e Rigid spatial rotations: K(t,z) = K(t,|z| =r).
e Scaling symmetries: u(t, r) satisfies the eugation means u(A*t, \z) still satisfies the
euqation. If we have K,\(t, x) = N K (A\t, \x),

(0, — AV KA (®) = Kr((—0, — A)®)
//A“ K (N2, \x) (=0, — A)®(t, z)dwdt
//An+2 at_A)q)]()\2,)\)dey
//f\\::z (=00 = A)® 1 (s, y)dsdy

= N0 - A)K - <I>1
= Xy by = A ", 1(0,0).

Therefore, Ky = \"K (A, \x) is also a foundamental solution (V).
Now, setting A = \[ we have K (t,7) =t K(1, %) = t_%\ll(””;). Then

0, — A)K = (_gt’iqu(—2> - té‘qﬂ(ﬁ)x—z) + <t3(a2 - 1@)@(7’:))

t t’t?
=75 (=5 0(y) — W)y — 20 (y) — V' (y)dy — V' (y)2(n — 1))
=t (—g‘I’(y) — (y+2n)¥'(y) — 4y\11”(y)> =0

U(y) + (y + 2n)V' (y) + 4y¥" (y)

2
= y(4T + ) + g(sz’ +0)
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Therefore we have f = 40 + ¥ = Cy~2. f is not smooth unless C' = 0 which means
2

U(y) = Ce 1, then K(t,z) = Ct ze %. Actually we can only consider ¢ > 0 by the
property of heat eugation to maike the function smooth.

n 332
Now we determine the constant for K (t) = Ct~2e™ %, and recall that if we have a smooth
® with [ ®dx = 1, setting & = ¢ "®(£), then O, — dy. Therefore,

1 = —-n 7(ﬁ)2 —
%K(t)_c:(ﬂ) e i) =4,

requires [ Ce (3)dz = 1 which means C' = 2"7s = ﬁ- Therefore,
i 1 22
t,x) = —e 4 1>,
(t@) (4mt)= =0

which is smooth except for (0,0), 1,50 is called causality.
3.2. The Homogeneous Probelem.
Proposition 3.2. A solution is given by u(t) = K(t) * ug.
Proof Since
(0 — A)u = O K xug — AK *ug = 0(t > 0),

and
%g%u(t) = 15% K(t) * ug = uyg,

therefore is proved.This also makes sense for ug € £, and the solution is smooth for ¢ > 0
(regularizing effect). O

3.3. Inhomogeneous Problem.
Proposition 3.3. A solution is given by u = K * f.
Proof Att<Oandt >0, (0 —A)K =0. Att=0, (0 — A)K = Jy, K jumps from 0 to

dz—o. Therefore (0; — A)K = §;—00z—0 = (t,2)=(0,0) (nON-Tigorous notation). d
Proposition 3.4 (Duhamel Formula).

u(t) = *u0+/Kt—s (s)ds.
Recall in ODE x(t) = xoe™ + f =) f(s)d

3.4. Mean Value Property for Heat Equation. In R""!,
/(@ — A)udPdxdt = /(—(% — A)Dudxdt.

We call —0; — A an adjoint heat operator or backward heat operator.

22

1
Kback(t’ ZL‘) — W@E 1t<0

is supproted where t < 0. We will average over sets E, = {(t,z) : K***(t x) > r™"} to get

u(0,0) = c/ u(t, v)w(t, x)dxdt.

Studying the parabolic cylinder where E, lies in:
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e has size located in r? x r (parabolic sealing, due to the operator of heat equation).
e backward in time.

Therefore, we have
(8) / (0 — A)uddzdt = / (=0 — A)Pudzdt + / v - u® — v;0;uP + v;ud; PdV
T r 0L,
To get rid of boundary, we want

1 ®=0ondE,.
2 V® =0 on 0F,.

We let (¢, z) = K" (t, z)—r"(satisfy 1)—Cln(r"K®<*(t,z))(satisfy 1 and 2). By putting
C =r""we get VO = VK k Cw. Therefore we get

() /@@-A@MMhﬂ

r

_ Kback _ AKback Kback 2
(10) :/ [5(0,0) —r ( % + v ) )} udxdt
0,0) — T Vv
x

Kback Kback
(11) :/ [0, (Voln(K"*) ] udzdt

(12) MQ@zQ/w@@ﬁ|P

— Ju(t, z)dxzdt.
A translation version is

n
-n
42

|z — 20)?

u(to, zg) = C u(t, x)dxdt.

Er-i-(to,zo) 4(t - tO)Q
3.5. The Maximum Principle for the Heat Equation. If we take the domain as Cp =
2 x [0, T] which is a parabolic cylinder, then take parabolic boundary 0Cr = Q x {0} U
00 x [0,T] and leaves the head.

Theorem 3.5 (Strong Maximum Principle). If u € C?(Cr)NC(Cyr), then (Weak Mazimum
Principle)

maxu(t, r) = maxu(t, ).
nax ult, 1) = axu(t, )

Furthermore, if (xo,19) is a mazx point inside then u is constant up to time t.

Proof

1 Mean Value Property:
Suppose (g, Tg) is a max point inside, then we have

max u = u(to, o) = C/
E,+(to,z0) 4(t - t0)2

2
Mu(t, x)dzdt < maxu.

Therefore, for (t,z) € (to,xo) + E, we have u(t,x) = u(to,xg). Therefore, we can
prove that the set where u(t,x) = u(ty, o) is open and close in © x [0, to].
2 A more general proof but cannot be used to prove strong maximum principle: gen-
erally constant is not a trivial solution of PDEs.
Suppose (o, o) is a max point inside, then it’s a critical point to get dyu(to, o) =
0, d,u(to,zo) = 0. It’s a maximum point so Au(ty,r9) < 0 (think about —z?).
Therefore, (0, — A)u(ty, z9) = 0.
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If (to,x0) is on the top we have dyu(ty, o) = 0 to get (0 — A)u(ty, xo) = 0.

Then we want to get contradiction. If we fix u. = u — et we have (0, — A)u, = —e
which means it cannot have a maximum point inside. Therefore, it’s maximum can
only be reached on 0C'r:

maX e = MaxX Ue.
Cr oCr

As € = 0, u. — u uniformly in C7.
Note: for strict subsolution of heat equation, we have strong maximum principle.

O

3.6. Initial or Boundary Value Problems for the Heat Equation. Given

O —Au = f
u(0,2) = w(x
u(t,z) = g(t,x) (t,x) €I x[0,T]
Alternatively, we give the rate in which heat is transmitted as
0
8—3@,;5) = g(t,z), (t,z) € 90 x [0, T,

which is called as Neumann boundary condition.

Theorem 3.6. Min/Max principles give uniqueness for the Dirichlet boundary problem.
Note: only gives uniqueness. Existence proof occurs in 1980s by finding the middle of super
and sub solutions.

Theorem 3.7. Solutions to the heat equation are C*°.

Proof Change notations in the proof for A using the fact that fundamental solution is
smooth away from (0, 0). d

3.7. Energy Estimates for the Heat Equation. This is used to get proof of existence.
e define ’energy’ of the solution as
/ lu(t, z)|* de.
Q

Then the energy dissipation is

d

—/ lu(t, z)|” dx:2/u8tudx:2/uAudx

dt Jo Q Q

:—2/ \Vu\Qda:+2/ W2l <0,
Q a0 OV
ou

for u = 0 resp. 5. = 0 for Dirichilet problem resp. Neumann problem. If u(0) = 0 then

because of 4 [ |u(t, )" dv <0, [, [u(t, x)|* dz = 0 which means u = 0.Many other energies:

E(u) = / |Aul® dz, E(u) = / lul’ dz,1 < p < +o0.
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Actual thermal energy:

Bu) = /Q udz
d

%EW) = /Q 1Audx = N Vu-vdr = /8w %dw.

The energy is conserved in Neumann problem when % = 0. Therefore, Heat eugation has

properties like

e energy dissipation
e infinite speed of propagation (Every value on the boudary will get an smooth function)



NOTE FOR MATH 126 17

4. SOLVING WAVE EQUATION

The wave equation is

0 —Au = f
w(0,z) = wup(x)
w(0,z2) = wui(x)

There are a lot of models like
vibrating string (1-d)
drum (2-d)

elastic waves

sound waves
electromagnetic waves
gravitational waves
NOT water waves
compressible fluids

4.1. Wave equation in 1-d. In 1-d,
(02 —0%) = (0, — 0,) (0, + 0s).
Therefore we study transportation eugations

(13) (0y — Op)v = 0,v = (0 + 0p)u,
(14) (0 + 0p)w = 0,w = (9, — Oy )u.

Since v gets transported in direction (—1,1), we have
v(x,t) =v(x+¢,0) =uy(z+1t,0) + Opup(z +t,0),
w(x,t) =w(x —t,0) = ui(x —t,0) — Opup(z — t,0).
Remark: Any solution to the homogeneous wave euqations can be represented as
u(z,t) = F(x + t)(with speed 1 to left) + G(z — t)(with speed 1 to right),

both of them are plane waves.Since

1 1
8tu:§(v+w)8zu:§(v—w),
we have F’ = fv, G’ = —Jw. Then we have
Dyl t) = (v —w) = ;< (z+1,0) — w(z — ,0))
1 x
u(z,t) / dpu(x,t) = (uo(:v+t)~|—uo(:1:—t))+2/ u(y +t) —ui(y — t)dy

1 T+t
2(u0(x+t)+uo(:c—t)) + —/z uy(2)dz,

2oy

which means for uy we only use the end points and for u; we use the entire interval.Key
properties:

e Finite speed of propagation: waves only wave with speed 1 in all directions.
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4.2. Find a FORWARD fundamental solution. How do we choose the initial date to
get a fundamental solution? Take

- { u t>0

u =

0 t<0

Therefore,

2
Therefore if ug = 0, u; = 0, then we get (97 — A)tt = d;—04—0. Then in 1-d

1
— 1[7t,t] (ZB) .

K(z,t) =u(t,x) = 5

The Midterm 2

4.3. Wave equations in higher dimensions: symmetries for [J. We define 0 = 97 —
A, then we have the wave equation as

Ou = f
u(0,2) = wug(x)
w(0,2) = wu(x)

e translation symmetry (constant coeffient)
e rigid spatial rotation.
If we put t = zy, we may represent Uu = — M, g0,0su, with

—1
M=

Thereforem if we put y = Az, then
Oy=A"TMAx = ATMA = M.

The set of all A forms a group L named Lorentz group. We want

A= (1 Q) (rigid spatial rotation).
with @) is a spatial rotation which means it’s orthogonal.

Example 4.1. In 1+ 1 dimension, we have

a= (L) ey,

Lorentz boosts as
A — cosh(0) sinh(0)
27 \sinh(0) cos(0) )
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which keeps the quadiratic form XTMX = x3 — x? unchanged.

Theorem 4.2. Any elemet of Lorentz group L is a conposition of the rigid spatial rotation
and a Lorentz boost.

Now we look for fundamental solution that
e forward in time
e lorentz invariant which means it keeps ¢t — 2 = Const so K = K (t? — z?).

In 1 —d we have K = LH(t* — 2®)H(t). In higher dimensions, we have the fundamental
solution supported in where t > 0, t> — 2% > 0. By homogeneity, we gave K be homogeneous
of order 1 —n (compared to A), then K = (2 — %)2", and it’s integrable only for n < 3
which means it can be thought as a distribution.

4.4. Fundamental solutions in 2-d.

Theorem 4.3. If n =2, then K = Cgﬁ1t>o.
In order to find C5, we have the wave equation as
OK = 0
K(0,z) = 0

Kt(07 .’I?) = 50($)
Therefore, by taking derivatives of [ Kdz, we have

d
E/Kd:t:/thx:l(t:O)

2
d_/KdI:/adem:/mKdmzo
P2

/de:/K(O,x)dx+t/Kt(0,x)dx:O+t:t

o L
g 2 _

jaf <t V2 — a2
If we set t =1 we have Cy = %

4.5. Fundamental solutions in higer dimensions. For Higher dimensions where n > 3,
we have K (t,z) = ¢(t* — z?) and supported in t* — z? > 0.

O¢(t* —r?) =4t —rH)¢” +2(n+ 1)¢' =0,

(15) O(y) = 299" +2(n + 1)¢/ = 0.

This means

=0 —a%) 7",
o(y) ~ nl_l :

y 2
Def 4.4. We define the principal value of an integral like ¢(1)):

. (y)
p-vp(y) = lim Tdy-
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In this way, ¢ can be viewed as a distribution and equals dy (dg solves euqation )
When n = 3, we have K (t,z) = ¢dz_z2—g, supported on where ¢ = |x|. This means
1 1

——0t|a|=0 = 50t~ |z|=0
top [a] IS0 T gt ile=0

5t271.2:0 =

which means K (t,7) = $6;—-
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